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Abstract
We show for a general pure entangled state of two two-level atoms, the von Neumann entropy
can be directly measured from the magnitude of the mean spin vector of a single atom of the
pair. We emphasize the fact that the von Neumann entropy for such a system can be obtained
without knowing the exact form of the quantum state of the two atoms, if we have the value of
the magnitude of the mean spin vector of a single atom of the pair. Mean spin vector, used in the
context of spin squeezing and spectroscopic squeezing in population spectroscopy, is experimentally
measurable and provides an exact measure of von Neumann entropy for such a system. The idea
developed in this letter can be used in the context of other quantum mechanical two level systems
as the algebra of two level systems can be described by that of spin- 1
2
particles.
I. INTRODUCTION
Quantum entanglement, the basic ingredi-
ent of quantum information theory, is an im-
portant area of modern days research. The
works of Bennett et al. [1], Wootters [2, 3],
Peres [4], Horodecki [5], and several other re-
searchers enriched this field significantly. A
measure of quantum entanglement in bipar-
tite states is provided by the von Neumann
entropy of the state. In this letter, we show
how von Neumann entropy can be obtained
for a general pure entangled state of two two-
level atoms if we measure the magnitude of
the mean spin vector of a single atom of the
pair. The magnitude of the mean spin vector
is sufficient here to provide the exact infor-
mation about this entanglement entropy and
it is not necessary to know the exact form of
the quantum state of the two atoms.
Mean spin vector is an important physi-
cal quantity, which has practical importance
in the study of spin squeezing and spectro-
scopic squeezing in the context of population
spectroscopy [6]. We show how the magni-
tude of this mean spin vector of any single
atom of the pair gives us the von Neumann
entropy of the system when the exact form of
the state is not known.
1
II. VON NEUMANN ENTROPY FROM
THE MAGNITUDE OF THE MEAN
SPIN VECTOR OF ANY SINGLE
ATOM FROM THE PAIR OF A GEN-
ERAL PURE ENTANGLED STATE OF
TWO TWO-LEVEL ATOMS
An atom has many electronic energy
levels, but when it is interacting with
a monochromatic electromagnetic radiation,
we concentrate only on two of its energy levels
among which the transition of the atom takes
place. So, we call it as a two level atom. If
the upper and lower energy levels of the n-th
atom are |un〉 and |ln〉 respectively, then, we
can construct the following three operators
for the atom as (h¯ = 1)
Jˆnx = (1/2)
(
|un〉〈ln|+ |ln〉〈un|
)
, (1)
Jˆny = (−i/2)
(
|un〉〈ln| − |ln〉〈un|
)
, (2)
Jˆnz = (1/2)
(
|un〉〈un| − |ln〉〈ln|
)
. (3)
The operator Jˆn is equivalent to a spin-
1
2
an-
gular momentum operator, since it operates
on a two-dimensional complex vector space
and since the commutators satisfy the same
algebra as
[Jˆnx , Jˆny ] = iJˆnz , (4)
and two more relations with cyclic changes in
x, y and z [7]. The third component of Jˆn is
proportional to the internal energy operator.
Now, we can construct the total angular
momentum operator for the two atoms as
Jˆ = Jˆ1 ⊗ Iˆ + Iˆ ⊗ Jˆ2, (5)
where Iˆ in the first term on the right hand
side is the identity operator in the spin-space
of atom 2 and Iˆ in the second term is the
identity operator in the spin-space of atom 1.
The simultaneous eigenvectors of Jˆ2 and Jˆz
are denoted as |j,m〉, such that (with h¯ = 1)
Jˆ2|j,m〉 = j(j + 1)|j,m〉 (6)
and
Jˆz|j,m〉 = m|j,m〉, (7)
where m takes values −j,−j + 1, ...j.
Now, a general pure entangled state of two
two-level atoms is given as
|Ψ〉 =
2∑
i=1
Ci|ui〉 ⊗ |vi〉, (8)
where Ci, in general, is a complex number
and |ui〉 and |vi〉 are the quantum state vec-
tors of atoms 1 and 2 respectively.
The von Nemann entropy for the above
state is given as [1]
S = −|C1|
2log2|C1|
2 − |C2|
2log2|C2|
2. (9)
Now, the general pure entangled state of
two two-level atoms, given in Eq. (8), can be
written explicitly in the {m1, m2} represen-
2
tation as
|Ψ〉 = C1
[(
c3
∣∣∣1
2
〉
+ c4
∣∣∣− 1
2
〉)
⊗
(
c5
∣∣∣1
2
〉
+ c6
∣∣∣− 1
2
〉)]
+ C2
[(
c7
∣∣∣1
2
〉
+ c8
∣∣∣− 1
2
〉)
⊗
(
c9
∣∣∣1
2
〉
+ c10
∣∣∣− 1
2
〉)]
. (10)
where
|u1〉 =
(
c3
∣∣∣1
2
〉
+ c4
∣∣∣− 1
2
〉)
, (11)
|u2〉 =
(
c7
∣∣∣1
2
〉
+ c8
∣∣∣− 1
2
〉)
(12)
are the orthonormal states of atom 1 and
|v1〉 =
(
c5
∣∣∣1
2
〉
+ c6
∣∣∣− 1
2
〉)
, (13)
|v2〉 =
(
c9
∣∣∣1
2
〉
+ c10
∣∣∣− 1
2
〉)
(14)
are the orthonormal states of atom 2.
Here C1, C2, c3, c4, c5, c6, c7, c8, c9 and c10
are in general complex numbers. Normaliza-
tion condition on all the above states yields
|c3|
2 + |c4|
2 = 1, (15)
|c5|
2 + |c6|
2 = 1, (16)
|c7|
2 + |c8|
2 = 1, (17)
|c9|
2 + |c10|
2 = 1. (18)
Using the above equations the normaliza-
tion condition on |Ψ〉 yields
|C1|
2 + |C2|
2 = 1. (19)
Now, the orthogonality condition on the
two states of atom 1, |u1〉 and |u2〉, yields
c3c
⋆
7
= −c4c
⋆
8
, (20)
where ⋆ denotes complex conjugate. Now,
multiplying Eq. (20) with its complex conju-
gate, we get
|c3|
2|c7|
2 = |c4|
2|c8|
2. (21)
Using Eq. (17) in the above Eq. (21), we get
|c3|
2 = |c8|
2. (22)
Similarly, using Eq. (15) in Eq. (21), we get
|c4|
2 = |c7|
2. (23)
Similarly, the orthogonality condition on the
two states of atom 2, |v1〉 and |v2〉, yields
c5c
⋆
9
= −c6c
⋆
10
. (24)
Using Eq. (16) and (18) in the above Eq.
(24), we obtain
|c6|
2 = |c9|
2, |c5|
2 = |c10|
2. (25)
Now, the mean spin vector for atom 1 over
the state |Ψ〉 is
〈
−ˆ→
J1〉 = 〈Jˆ1x 〉ˆi+ 〈Jˆ1y〉jˆ + 〈Jˆ1z〉kˆ, (26)
where the expectation values are over the
state |Ψ〉 and iˆ, jˆ and kˆ are the unit vectors
along the positive x, y and z axes respec-
tively.
The expectation values of the operators
Jˆ1x , Jˆ1y and Jˆ1z of the atom 1 over the state
3
|Ψ〉 of Eq. (10) are
〈Ψ|Jˆ1x|Ψ〉 =
1
2
[
|C1|
2(c3c
⋆
4
+ c⋆
3
c4)
+ |C2|
2(c7c
⋆
8
+ c⋆
7
c8)
]
, (27)
〈Ψ|Jˆ1y |Ψ〉 =
1
2i
[
|C1|
2(c⋆
3
c4 − c3c
⋆
4
)
+ |C2|
2(c⋆
7
c8 − c7c
⋆
8
)
]
, (28)
〈Ψ|Jˆ1z |Ψ〉 =
1
2
[
|C1|
2(|c3|
2 − |c4|
2)
+ |C2|
2(|c7|
2 − |c8|
2)
]
. (29)
Using Eqs. (22) and (23), the expectation
value 〈Jˆ1z〉 in Eq. (29) can be simplified to
〈Ψ|Jˆ1z |Ψ〉 =
1
2
[
|C1|
2 − |C2|
2
][
|c3|
2 − |c4|
2
]
.
(30)
Now, squaring 〈Jˆ1x〉, given in Eq. (27), we
obtain
〈Jˆ1x〉
2 =
1
4
[
|C1|
4
(
c⋆
3
2c2
4
+ 2|c3|
2|c4|
2
+ c2
3
c⋆
4
2
)
+ |C2|
4
(
c⋆
7
2c2
8
+ 2|c7|
2|c8|
2
+ c2
7
c⋆
8
2
)
+ 2|C1|
2|C2|
2
(
c⋆
3
c4c
⋆
7
c8
+ c⋆
3
c4c7c
⋆
8
+ c3c
⋆
4
c⋆
7
c8 + c3c
⋆
4
c7c
⋆
8
)]
.
(31)
Similarly squaring 〈Jˆ1y〉, by using Eq. (28),
we obtain
〈Jˆ1y〉
2 = −
1
4
[
|C1|
4
(
c⋆
3
2c2
4
− 2|c3|
2|c4|
2
+ c2
3
c⋆
4
2
)
+ |C2|
4
(
c⋆
7
2c2
8
− 2|c7|
2|c8|
2
+ c2
7
c⋆
8
2
)
+ 2|C1|
2|C2|
2
(
c⋆
3
c4c
⋆
7
c8
− c⋆
3
c4c7c
⋆
8
− c3c
⋆
4
c⋆
7
c8 + c3c
⋆
4
c7c
⋆
8
)]
.
(32)
Using Eqs. (30), (31), (32) and Eqs. (20),
(22) and (23), we obtain the magnitude of
the mean spin vector of atom 1 as
|〈
−ˆ→
J1〉| =
√
〈Jˆ1x〉
2 + 〈Jˆ1y〉
2 + 〈Jˆ1z〉
2
=
1
2
(
|C1|
2 − |C2|
2
)
. (33)
Now, using Eq. (19) in Eq. (33), we can
write
|C1|
2 =
1
2
+ |〈
−ˆ→
J1〉| (34)
|C2|
2 =
1
2
− |〈
−ˆ→
J1〉| (35)
Therefore, using Eqs. (34) and (35) in the
expresion of von Neumann entropy, given in
Eq. (9), we get
S = −
(1
2
+ |〈
−ˆ→
J1〉|
)
log2
(1
2
+ |〈
−ˆ→
J1〉|
)
−
(1
2
− |〈
−ˆ→
J1〉|
)
log2
(1
2
− |〈
−ˆ→
J1〉|
)
(36)
Now, as long as the state |Ψ〉, given in Eq.
(10), is an entangled state the constants C1
and C2 are never zero. Since |Ψ〉 is normal-
ized, the constants |C1|
2 and |C2|
2 are the
probabilities which are less than 1. There-
fore, from Eq. (33), we can conclude that the
numerical value of |〈
−ˆ→
J1〉| is less than
1
2
. So,
in the second term of the right hand side of
Eq. (36), the argument of log2 is never zero.
Hence, the expression of S, given in Eq. (36)
is mathematically consistent.
If the measured value of the magnitude of
the mean spin vector 〈
−ˆ→
J1〉 is equal to
1
2
, then
either C1 or C2 is zero, and we can conclude
that the two atoms are unentangled.
Therefore, we have expressed the von Neu-
mann entropy of the whole system in terms
4
of the magnitude of the mean spin vector of
atom 1.
We, now, express the same in terms of the
magnitude of the mean spin vector of atom
2.
The expectation values 〈Jˆ2x〉, 〈Jˆ2y〉 and
〈Jˆ2z〉, for the atom 2, over the state |Ψ〉, given
in Eq. (10), are
〈Ψ|Jˆ2x |Ψ〉 =
1
2
[
|C1|
2(c5c
⋆
6
+ c⋆
5
c6)
+ |C2|
2(c9c
⋆
10
+ c⋆
9
c10)
]
, (37)
〈Ψ|Jˆ2y |Ψ〉 =
1
2i
[
|C1|
2(c⋆
5
c6 − c5c
⋆
6
)
+ |C2|
2(c⋆
9
c10 − c9c
⋆
10
)
]
, (38)
〈Ψ|Jˆ2z |Ψ〉 =
1
2
[
|C1|
2 − |C2|
2
][
|c5|
2 − |c6|
2
]
.
(39)
Using Eqs. (24), (25), (37), (38) and (39), we
obtain the magnitude of the mean spin vector
of atom 2 as
|〈
−ˆ→
J2〉| =
√
〈Jˆ2x〉
2 + 〈Jˆ2y〉
2 + 〈Jˆ2z〉
2
=
1
2
(
|C1|
2 − |C2|
2
)
. (40)
So, we obtain
|C1|
2 =
1
2
+ |〈
−ˆ→
J2〉| (41)
|C2|
2 =
1
2
− |〈
−ˆ→
J2〉|. (42)
Hence, the von Neumann entropy of the
whole system can be obtained from Eqs. (9),
(41) and (42) as
S = −
(1
2
+ |〈
−ˆ→
J2〉|
)
log2
(1
2
+ |〈
−ˆ→
J2〉|
)
−
(1
2
− |〈
−ˆ→
J2〉|
)
log2
(1
2
− |〈
−ˆ→
J2〉|
)
(43)
Thus, we have expressed the von Neu-
mann entropy of the whole system in terms
of the magnitude of the mean spin vector of
atom 2.
Thus, from Eqs. (36) and (43), we con-
clude that if we experimentally find out the
magnitude of the mean spin vector of any one
atom of the entangled pair, we can calculate
the von Neumann entropy of the whole sys-
tem.
We also emphasize the fact that without
knowing the exact values of the constants C1
and C2, it is possible to calculate the von
Neumann entropy of the quantum state by
experimentally measuring the magnitude of
the mean spin vector |〈
−ˆ→
J1〉| or |〈
−ˆ→
J2〉|.
Thus, we have connected von Neumann
entropy with an experimentally measurable
quantity, that is the magnitude of the mean
spin vector of any one atom of the entangled
pair.
The idea developed in this paper can be
extended to other quantum mechanical two-
level systems as the algebra of two-level sys-
tems can be described by that of spin 1
2
par-
ticles.
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